In his well-known paper dealing with the construction of the injective hull of a metric space Isbell introduced the concept of an endpoint of a (compact) metric space.
Introduction
In [9] Isbell showed that every metric space X has a hyperconvex hull T X . It turns out to be compact provided that X is totally bounded (see for instance [5, (1.7) injective in the category of metric spaces and nonexpansive maps (compare also [5, 6, 11] ). In [10, Propositions 7 and 8] Kemajou et al. similarly proved that each T 0 -quasi-metric space X has a q-hyperconvex hull Q X , which is joincompact provided that X is totally bounded. They also showed that a T 0 -quasi-metric space is q-hyperconvex if and only if it is injective in the category of T 0 -quasimetric spaces and nonexpansive maps [10, Theorem 1] .
]). It is known that a metric space is hyperconvex if and only if it is
In this paper we intend to generalize further results due to Isbell [9] and Dress [5] to the category of T 0 -quasi-metric spaces and nonexpansive maps. During his investigations on the hyperconvex hull of a metric space Isbell introduced the concept of an endpoint of a metric space and proved among other things that the hyperconvex hull of a compact metric space is equal to the hyperconvex hull of the subspace consisting of its endpoints (compare also [5, 8] ).
It turns out that in the quasi-metric context it is natural to consider also the dual concept of an endpoint, which we shall call a startpoint in this paper. In this way we succeed in generalizing several results on endpoints of metric spaces to the quasi-metric setting. For instance we show that the qhyperconvex hull of a joincompact T 0 -quasi-metric space X can be identified with the q-hyperconvex hull of the subspace B of X which consists of all the startpoints and endpoints of X.
Preliminaries
In this section we recall some of the basic definitions from asymmetric topology needed to read this paper.
Definition 1 Let X be a set and d : X × X → [0, ∞) be a function mapping into the set [0, ∞) of the nonnegative reals. Then d is a quasipseudometric on X if (a) d(x, x) = 0 whenever x ∈ X, and
We shall say that (X, d) is a T 0 -quasi-metric space provided that d also satisfies the following condition: For each x, y ∈ X, d(x, y) = 0 = d(y, x) implies that x = y.
is a metric on X. Let (X, d) be a quasi-pseudometric space. For each x ∈ X and > 0, B d (x, ) = {y ∈ X : d(x, y) < } denotes the open -ball at x. The collection of all "open" balls yields a base for a topology τ (d). It is called the topology induced by d on X. Similarly we set C d (x, ) = {y ∈ X : d(x, y) ≤ } whenever x ∈ X and ≥ 0. Observe that
and (Y, e) is called isometric provided that d(x, y) = e(f (x), f (y)) whenever x, y ∈ X. Note that each isometric map with a T 0 -quasi-metric domain is a one-to-one map.
Furthermore a map f :
Given two real numbers a and b we shall write a−b for max{a − b, 0}, which we shall also denote by (a − b) ∨ 0. Note that u(x, y) = x−y with x, y ∈ R defines a T 0 -quasi-metric on the set R of the reals. Observe that x → −x defines a bijective isometric map from (R, u) to (R, u −1 ). For further basic concepts used from the theory of asymmetric topology we refer the reader to [7] and [12] . The reader can find some recent work about quasi-pseudometric spaces in [1, 4, 13, 14, 15] . Many basic facts about hyperconvexity in metric spaces can be found in [6, 11] .
Remark added during revision: The authors continued their investigations in [3] . The results of the present paper were used by Otafudu in [16] .
Collinearity in quasi-pseudometric spaces
The following definition is crucial for our paper.
(2) An element x ∈ X is called an endpoint of (X, d) provided that there exists an element y in (X, d) such that d(y, x) > 0 and for any z ∈ X collinearity of (y, x, z) in (X, d) implies that x = z. We shall say that y witnesses that x is an endpoint.
The set of endpoints of a T 0 -quasi-metric space (X, d) will be denoted by
. By A d we shall denote the set of startpoints of (X, d).
Note that a quasi-pseudometric space possessing only one point cannot have an endpoint resp. a startpoint. Observe also that we obtain the standard definition of an endpoint in the case that (X, d) is a metric space (compare [9, p. 73] 
Example 1 Consider the four point set X = {1, 2, 3, 4}. Let the T 0 -quasi-metric ρ be defined by the distance matrix
Furthermore the sequences (1, 2, 3), (3, 2, 1) and (4, 2, 1) are readily checked to be collinear in (X, ρ). They show that 2 is not an endpoint of (X, ρ). On the other hand neither of the sequences (1, 2, 4) nor (3, 2, 4) nor (4, 2, 4) are collinear in (X, ρ), which shows that 4 witnesses that 2 is indeed a startpoint of (X, ρ).
As an illustration, observe also that both (1, 2, 3) and (2, 3, 4) are collinear, but (1, 2, 3, 4) is not collinear, since (1, 3, 4) is not collinear.
Let a 1 , a 2 ∈ X be such that a 1 ≤ y a 2 and a 2 ≤ y a
Suppose that (y, a 1 , a 2 ) and (y, a 2 , a 3 ) are collinear in (X, d). We need to show that (y, a 1 , a 3 ) is collinear in (X, d). But this follows from Lemma 1. So ≤ y is transitive.
(Note that such a and b exist for instance if (X, d) is joincompact and X has at least two points.) Then a is a startpoint of
4 q-hyperconvex hulls of T 0 -quasi-metric spaces
) is said to be q-hyperconvex if for each family (x i ) i∈I of points of X and families (r i ) i∈I and (s i ) i∈I of nonnegative real numbers the following conditions hold:
Example 3 (compare [6, discussion after Theorem 3.1]) Each T 0 -quasimetric space X can be isometrically embedded into a q-hyperconvex T 0 -quasimetric space, as the following well-known analogue of a construction for metric spaces shows.
Let (X, d) be a T 0 -quasi-metric space and a ∈ X fixed. Furthermore let B(X, d) be the set of real-valued functions which are bounded on (X, d).
Indeed suppose that (f i ) i∈I is a family of points in B(X, d) and (r i ) i∈I and (s i ) i∈I are families of nonnegative real numbers such that N (f i , f j ) ≤ r i + s j whenever i, j ∈ I.
Then for each x ∈ X we have u(
Note that by the triangle inequality, for any
Recall that a T 0 -quasi-metric space (X, d) is called bicomplete provided that the metric space (X, d s ) is complete. Each q-hyperconvex T 0 -quasimetric space is known to be bicomplete (see [10, Corollary 3] ). Hence the τ (N s )-closure of e(X) in B(X, d) yields the (quasi-)metric bicompletion of (X, d) (compare [12, Example 2.7.1]). In general however it is a nontrivial task to identify a subspace of (B(X, d), N ) that is isometric to the qhyperconvex hull Q X of X, although such minimal q-hyperconvex extensions of e(X) must exist in (B(X, d), N ) (compare [10, Proposition 7] ): Indeed using injectivity of B(X, d), by [10, Theorem 1] we can extend the isometric embedding e : X → B(X, d) to a nonexpansive map e : Q X → B(X, d), which must be an (injective) isometric map by the fact that Q X is a T 0 -quasi-metric tight extension of X (see [2, Remark 4] ).
If we apply the function space construction above to (X, d
Next we recall various facts from the theory of the construction of the q-hyperconvex hull of a T 0 -quasi-metric space [10] .
Let (X, d) be a T 0 -quasi-metric space. We shall say that a function pair
Let P X denote the set of all ample function pairs on (X,
Furthermore f ∈ P X belongs to Q X if and only if
and f 2 (x) = sup{d(x, y)−f 1 (y) : y ∈ X} whenever x ∈ X (see [13, Remark 2] ). Note (compare [5, (1.2)]) that for any f ∈ P X there exists a unique maximal subset Y ⊆ X with f | Y ∈ Q Y (which may be empty), since f ∈ P X , f | Yα ∈ Q Yα for a family {Y α ⊆ X : α ∈ A} of subsets of X and Y = α∈A Y α imply that for y ∈ Y α and α ∈ A,
and similarly
If we replace in the definition of a quasi-pseudometric [0, ∞) by [0, ∞], we obtain the definition of an extended quasi-pseudometric. As usual, the triangle inequality for extended quasi-pseudometrics is interpreted in the obvious way.
2 In this case we shall write g ≤ f.
sup{d(z,
Hence the assertion is verified. It is an important fact (see [10, Lemma 3] ) that f ∈ Q X implies that
Moreover the definition of the distance between pairs belonging to Q X is simplified by the fact that sup x∈X (f 1 (x)−g 1 (x)) = sup x∈X (g 2 (x)−f 2 (x)) whenever f, g ∈ Q X (compare [10, Lemma 7] ).
For each x ∈ X we can define the minimal function pair
(whenever y ∈ X) on (X, d). The map e determined by x → f x whenever x ∈ X defines an isometric embedding of (X, d) into (Q X , D) (see [10, Lemma 1] ). The T 0 -quasi-metric space (Q X , D) is called the q-hyperconvex hull of (X, d). Of course, it is q-yperconvex. In fact a T 0 -quasi-metric space X is known to be q-hyperconvex if and only if f ∈ Q X implies that there is an
We finally observe that D(f, f x ) = f 1 (x) and D(f x , f ) = f 2 (x) whenever x ∈ X and f ∈ Q X [10, Lemma 8] .
The following illustrating example generalizes [10, Examples 7 and 8] by treating the case of an arbitrary T 0 -quasi-metric space possessing two points.
Remark added during revision: Independently the example was also discussed in recent work of Willerton [17] . We can identify the q-hyperconvex hull Q X a,b of (X a,b , d) with the rectangle
Indeed it is readily checked that we obtain exactly the following minimal function pairs (f 1 , f 2 ) on (X a,b , d) : Namely (f 1 (0), f 1 (1)) = (x, y) and
Hence we can identify the points of Q 
Example 5 Note that the diagonal
whenever (x 1 , x 2 ), (y 1 , y 2 ) ∈ R 2 . As a product of q-hyperconvex factor spaces (compare [10, Proposition 2]) (R 2 , u × u −1 ) is readily seen to be q-hyperconvex. We want to show that the q-hyperconvex hull of the diagonal ∆ is equal to (R 2 , u × u −1 ). To this end we show that each point of this product needs to be added to the points of the diagonal in order to obtain a q-hyperconvex extension of the diagonal contained in the product (R 2 , u × u −1 ). Given (x 1 , x 2 ) ∈ R 2 and , ≥ 0 we have that
Let (a, b) ∈ R 2 . Choose x, y ∈ R such that y < a < x and y < b < x. Hence we have that
Since indeed we have E((x, x)(y, y)) = E ((y, y), (x, x) 
, by the definition of q-hyperconvexity we conclude that (a, b) must belong to any q-hyperconvex extension of ∆ in (R 2 , u × u −1 ). Hence we see that (R 2 , u × u −1 ) is the q-hyperconvex hull of its subspace ∆ and the statement is verified.
A crucial lemma related to collinearity
Obviously the following result is related to the concept of collinearity that we have studied before (compare Example 4).
Proof. Assume that m ∈ N is such that
Suppose that for all y ∈ X we have d(x, y) +
Therefore for each n ∈ N such that n ≥ m there is y n ∈ X such that
By joincompactness of (X, d) there are y ∈ X and a subsequence (
s (y n k , y) whenever k ∈ N, because f is minimal ample. The second statement is proved analogously.
We note that the first part of the preceding proof yields the following corollary.
say that there are x 0 ∈ X and δ > 0 such that h 2 (x 0 ) + δ < f 2 (x 0 ). Then by our assumption on f there is y ∈ X such that d( h 2 ) is not ample. The second case is dealt with analogously. Therefore (f 1 , f 2 ) is minimal ample on (X, d).
Let us next discuss the positivity hypothesis in Lemma 2. We shall check that for each z ∈ Y the two equations
are satisfied. This follows however from the fact that Q X a,b is a T 0 -quasi-metric tight extension of X a,b (compare [2] ), that is, according to [2, Proposition 5(c)] we have that for any y 1 , y 2 ∈ Q X a,b ,
Indeed for instance the first equation immediately yields
Hence the stated two equations obviously hold, since X a,b ⊆ Y (for a less explicit approach compare also [2, Proposition 4] ).
Observe now that we cannot find y ∈ Y such that
On the other hand however given z = (0, 0) and
So we see that Lemma 2 may, but need not hold, under the assumption that f 2 (x) = 0.
Finally set
Then (f (a,b) ) 2 * ((0, 0)) < 0, as established above. Observe that the (real-valued!) function pair h (a,b) on Y defined as follows satisfies the inequality of ampleness, but is no longer nonnegative and so is not a function pair on Y in our sense:
We next generalize a metric result due to Isbell to our asymmetric setting.
Proposition 2 (compare [9, Remark 3.2]) A bicomplete T 0 -quasi-metric space (X, d) is q-hyperconvex if for every > 0 there is a q-hyperconvex subspace S of X such that for every point x ∈ X we find s ∈ S such that d s (x, s) < .
Proof. Let f be a minimal ample pair of functions on (X, d). By assumption for each n ∈ N we can find a subspace S n of X such that S n is qhyperconvex and given any y ∈ X there is s n ∈ S n such that d s (y, s n ) < 2 −n . Consider the restriction f | Sn of f to S n . That restriction is ample on S n , hence has a minimal function pair on S n below it. Thus there is p n ∈ S n with (d(p n , ·), d(·, p n )) ≤ f | Sn , since S n is q-hyperconvex. We shall show that (p n ) n∈N is a Cauchy sequence in (X, d s ). Let > 0 and let m ∈ N be such that 2 −m < . Suppose now first that
Then by Corollary 1 there is
Furthermore there is a m ∈ S m such that d
Similarly one shows that f 1 (p m ) < 3 whenever m ∈ N such that 2 −m < . Hence for any m, n ∈ N such that max{2 −n , 2 −m } < we have
Therefore (p n ) n∈N is a Cauchy sequence in (X, d s ). By bicompleteness of (X, d) there is p ∈ X such that d s (p n , p) → 0. We are going to show that f = f p on (X, d). Consider any > 0 and y ∈ X. There is m ∈ N such that 2 −m < , and also there is k ∈ N such that k ≥ m and d
Analogously one shows that for any y ∈ X we have d(y, p) ≤ f 2 (y). By minimality of f we conclude that f 1 (y) = d(p, y) and f 2 (y) = d(y, p) whenever y ∈ X. We have shown that (X, d) is q-hyperconvex.
6 Endpoints in q-hyerconvex hulls of T 0 -quasimetric spaces
The following result shows in particular that each joincompact T 0 -quasimetric space with at least two points has an endpoint resp. a startpoint.
Proposition 3 Let (X, d) be a joincompact T 0 -quasi-metric space. Furthermore let two points y, a ∈ X with d(y, a) > 0 be given. Then there is an endpoint e of (X, d) such that (y, a, e) is collinear. Moreover there is a startpoint s in (X, d) such that (s, y, a) is collinear in (X, d).
Proof. Consider M y,a = {a ∈ X : (y, a, a ) is collinear in (X, d)}. It is nonempty, since a ∈ M y,a . Then M y,a equipped with the restriction of the partial order ≤ y on X is a partially ordered set. Let K ⊆ M y,a be a nonempty chain.
We consider the net x k = k where k ∈ K, which is directed by the linear order of the chain K. Since (X, τ (d s )) is compact, we know that there is a subnet (x ke ) e∈E of (x k ) k∈K converging to some point x in (X, d s ). We next show that x is an upper bound of K in M y,a : Indeed for each e ∈ E we have that d(y, a) + d(a, x ke ) = d(y, x ke ) whenever e ∈ E, since x ke ∈ M y,a whenever e ∈ E.
Taking limits in R where R is equipped with its usual topology, we have d(y, a) + d(a, x) = d(y, x), since |d(a, x ke ) − d(a, x)| ≤ d s (x ke , x) and |d(y, x ke ) − d(y, x)| ≤ d s (x ke , x) whenever e ∈ E. Thus (y, a, x) is collinear in (X, d) and x ∈ M y,a . Since (x ke ) e∈E is a subnet of (x k ) k∈K , given k ∈ K we see that k ≤ y k e eventually. By definition of ≤ y , if k ≤ y k e then we have d(y, x k ) + d(x k , x ke ) = d(y, x ke ).
Taking as above the limit, we get for each k ∈ K that d(y, x k )+d(x k , x) = d(y, x). Consequently for each k ∈ K, (y, x k , x) is collinear in (X, d). Thus x is an upper bound of K in M y,a .
Hence by Zorn's Lemma, M y,a has a maximal element m. We show that the maximal element m of M y,a is an endpoint of (X, d), witnessed by y. Observe first that d(y, m) ≥ d(y, a) > 0. Suppose now that for some x ∈ X we have that (y, m, x) is collinear in (X, d). Since (y, a, m) is collinear in (X, d), we know that a ≤ y m ≤ y x. Thus (y, a, x) is collinear in (X, d) and therefore x ∈ M y,a and m = x by maximality of m in M y,a . Hence m is an endpoint of (X, d). Applying the analogous argument to the space (X, d
−1 ) we obtain the part of the statement dealing with startpoints.
If f x | H ∈ Q H , then by joincompactness of H and Lemma 2 there is k ∈ K such that d(y, k) = d(y, x) + d(x, k). Since y witnesses that x is an endpoint of (X, d), then x = k ∈ K -a contradiction. We conclude that f x | H ∈ Q H .
The case that x is a startpoint of (X, d) is treated analogously.
